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1. TAUBERIAN THEOREMS 
The following theorem due to Abel should be well known by every 
student of mathematics: 
If (a,)? is a real sequence with 
r an = s, (1.1) 
then 
lim f a,,.? = s. 
XT1 0 
(1.2) 
The converse result, that (1.2) implies (l.l), is not true without further 
assumptions as the example 
fa,,x”=i(l +x)-‘(l-x) 
0 
shows, where a0 = t, a, = ( ~ 1)” for n = 1,2,... The first converse theorem 
was given by A. Tauber in 1897, who proved that 
na,=o(l) 
is a condition that together with (1.2) implies (1.1). The theory was further 
developed by Hardy and Littlewood, who named such converse theorems 
“Tauberian” and gave applications, for instance, to number theory. The 
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most famous of their Tauberian theorems (Hardy an Littlewood [IQ) ) 
reads: 
Ifna, 3 -1 for all n, then (1.2) implies (1.1). 
A closely related result says that, if a is positive, then 
li; (1 -.zx)~~ a,x”=s 
0 
and 
n ‘-“a,,3 -1, (1.4) 
imply that 
1imW”;a,=:. 
I-(1 +x) 0 
(1.5) 
It is easy to check that no generality is lost, if we replace (1.4) by a, 2 0. lir? 
this form the theorem is a good starting point for the introduction of 
Tauberian remainder theorems and the presentation of Freud’s fundamen- 
tal result in this field. 
2. TAUBERIAN REMAINDER THEOREMS FOR THE LAPLACE TRANSPQRM 
In a remainder theorem we assume that we have some information on 
the speed of convergence in (1.3), for instance, that 
(1 -x)“fa,x”=s+o((l -x)“), S>Q. 
0 
Does that give us more and better information than (1.5) if a, >, O? The 
answer is yes! 
It is a little easier to write the formulas, if we replace the power series by 
the more general Laplace transform. The Tauberian theorem given at the 
end of Section 1 can be restated: 
If z is a nondecreasing function on [0, 00) and a is positive, then it follows 
f ram 
lim ta I m e-‘” dz(u) = s, t10 0 
that 
lim X?(X) = A. 
xl-m I-(1 + cz) 
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The first precise remainder estimate in this theorem was given by Freud in 
[l]. Several mathematicians were working on the problem at this time. 
Somewhat weaker results were published the same year by Korevaar and 
Postnikov. The main contributions besides Freud’s were given by Korevaar 
in a sequence of papers (Korevaar [13-151). Among other things 
Korevaar had provided an example showing that Freud’s seemingly weak 
estimate cannot be improved. Freud once told me that he had had his 
estimate for some time but first when he heard about Korevaar’s example 
he dared to publish it. 
I next state Freud’s main theorem. We shall discuss some of the other 
results he obtained in his papers (Freud [l, 21) in Section 5. 
FREUD'S THEOREM. Let z be nondecreasing on [0, 00) and let a and 6 be 
positive numbers. If 
F(t) = lom eeru dz(u)=st-“+o(ts-a), tl0, (2.1) 
then 
SXa 
z(x) = - 
r(l +a) 
4-O A- 
( ) logx ’ 
X-+00. (2.2) 
The crucial lemma used in the proof concerns one-sided approximation in 
L of functions of bounded variation by polynomials. That a result on the 
degree of polynomial approximation is fundamental, is no surprise for 
those who know the beautiful method Karamata invented for the proof of 
Tauberian theorems (Karamata [ll], Wielandt [lS]). Both Freud and 
Korevaar applied the Karamata method. Before going into a closer study 
of Freud’s work, I shall give a short review of known results on Tauberian 
remainders at the time. 
3. TAUBERIAN REMAINDER THEOREMS IN GENERAL 
In my mathematical surroundings in Stockholm in the late 1940s there 
was an air of mysticism around the topic “remainders in Tauberian 
theorems.” It emanated of course from a statement in Wiener’s famous 
paper (Wiener [19]). There is a sentence that evidently can be interpreted 
in different ways. My guess is that it just means that you cannot say 
anything about the remainder in Wiener’s general Tauberian theorem 
without further assumptions about the kernel. In fact, in 1938 Beurling had 
already given a precise remainder estimate for a special class of kernels. 
However, the proofs were not published until 1954 in Lyttkens’ thesis 
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(Eyttkens [16]). To see how that result and other later Tauberian remain- 
der theorem’s in Wiener’s form are related to Freud’s, we shall transform 
Freud’s theorem as stated in Section 2 into Wiener’s form. The com- 
putations are rather tedious, but the main part goes as follows: ~ntrodu~~~g 
q5 defined by 
&A = e-W4 -& 
instead of 5, assuming that r(O) = 0 and putting t = e-X and U= &‘, -we 
obtain after an integration by parts in (2.1) that 
s co exp(-(l+cr)(x-y)-exp(y-x))qQ)dy=O(e-6”). --m 
Some checking of magnitudes is necessary, but the result is, that formula 
(2.1) can be written in Wiener’s form 
K * d(x) = O(eCax), x+00, (3.1) 
where K * d(x) = lTm K(x - y) q5(~) u’v and q5 dehned above belongs to 
L”( - cc, co ) and has the property that for some constant C it holds that 
4(x) + c2-c is nondecreasing. W) 
The kernel K is given by 
K(x) = exp( - (1+ a) x - exp( -x)), (3.3) 
and evidently KE L( - co, co) with g(r) = J:= ,-“‘“K(X) dx = ~‘(d+ a + if). 
The conclusion (2.2) takes the form 
4(x) = 0(1/X)> X--+03. 
Et can be shown that Freud’s theorem of Section 2 is equivalent to the 
result that, for the special choice of kernel (3.3), the estimate given in (3.1) 
combined with the Tauberian condition (3.2) implies that b(x) = 0(1/x). 
At this point it is natural to ask, if the result just mentioned is a special 
case of a general theorem. The only general remainder known in 1951 was 
Beurling’s, and that concerned kernels for which g(f)- ’ does not grow 
more rapidly than a polynomial of degree n in a strip around the real axis, 
the conclusion being that (3.5), 
640/46/I-4 
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Now it is well known that for the kernel corresponding to the Laplace- 
transform g(t)-’ = r( 1 + a + it)-’ is of exponential growth, hence not in 
the class mentioned above. Accordingly the best possible estimate (3.4) is 
much weaker than (3.5). On the other hand Beurling’s theorem is 
applicable to a large class of kernels including those corresponding to 
Cesaro summation. The first general remainder theorem covering Freud’s 
was not proved until 1962, when I obtained the conclusion (3.4) from the 
assumptions (3.1) and (3.2) for kernels in a class E defined as follows. 
An integrable function K belongs to E, if there is a function g 
holomorphic in a strip )Im ZJ <b, such that 
lg(z)l <MexpImz) for JImzl <b 
and 
g(x) I?(x) = 1 for all real x. 
Since then many general remainder theorems have been obtained, 
applicable to various special kernels (cf. Ganelius 1972). There are of 
course also many new special Tauberian remainder theorems. However, 
Freud was the first to obtain the precise result in the important case of the 
Lapiace transform. 
4. FREUD'S APPROXIMATION THEOREM AND THE PROOF 
OF THE TAUBERIAN REMAINDER THEOREM 
As remarked in Section 2 the crucial point in a method to obtain sharp 
remainder estimates is the right approximation theorem. I shall now state 
Freud’s approximation theorem without reproducing the proof. It should 
be mentioned, that Freud’s deep knowledge of approximation theory 
enabled him to obtain the following result by a rather straight forward 
application of a well known construction by Markov (cf. also Freud [2] 
and b for a > 4 and Nevai [ 171 for CI > 0). 
FREUD'S APPROXIMATION THEOREM. If g is a function of bounded 
variation on [0, l] and LX is positive, then polynomials p and P of degree n 
can be found, such that 
and 
P(X) G g(x) G P(x), Odx<l: 
I,’ (P(x) - P(x)) (log :)“-I dx < cn-‘. 
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Moreover, ifp(x) = C bkxk, P(x) = C Bkxk, then there are constants d and f 
independent of n and such that C;; (jbkl + \Bk\) 6 d exp (@). 
The approximation theorem will only be applied to the case 
g(x)= y, 
1 
if 0 <x < l/e 
if l/e<x< 1. 
(4.1) 
We shall now see how easy the remainder theorem follows from t 
approximation theorem if we apply Karamata’s method. Introduc 
a(u) = z(u) - (s/T(l + E)) ua we rewrite the assumption (2.1) in Fre 
theorem 
r(t) = JOm e-‘” dg(u) = Q(t’-“). (4.2) 
The conclusion shall be 
XU 
a(x)=U - ( 1 log x ’ x-+ 00. 14.3) 
With g given by (4.1) and x = t-’ we obtain 
o(x) = fom g(e-l”) e-‘” do(u) 
ZZ fom (g (e-I’) - p(e-‘“)) e-‘” du(u) + IOm p(eCfU) eerzi dG(u) 
3 -~Jli)-i(g(e-‘U)-p(e~‘“))e~“‘d~i-~~b~~ir((~+~)t!~ 
3 -“[l(g(v)-p(v))(log;‘lM-ldv-x’-‘$bk,(k+I)’+z 
r(l+a) 0 
> - c(n-lx” + ecnxxp6). 
In this computation we have used v = e-‘” as new variable. Taking 
n = E log x with a sufficiently small E, we obtain the lower bound in (4.3). 
Repeating the computation with the polynomial P instead of p we get the 
upper bound and the theorem is proved. 
5. EXTENSIONS AND GENERALIZATIONS 
The remainder theorem of Section 2 is the principal result in Freud’s 
paper published in 1951. Already in that paper Freud points out that his 
method works for more general remainders than the Q(ts - “) in (2.1). 
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Let z be nondecreasing and let a be a positive number. Assume further that 
R is nondecreasing with R(0) = 0 and R(ks) < edkR(s). Then 
s 
co 
e -zudz(u)=sT(l +a) tmea(l +r(t)), tJ0, \r(t)l <R(t), 
0 
implies that 
z(x) = sxy 1 + p(x)), X-+00, 
where 
IP( G c log R( l/x)’ 
The proof follows by the same method. The condition on the function R 
excludes rapidly decreasing remainders like exp( --ct~~). It is of a certain 
interest that Freud’s method is good enough even in such cases, which in 
fact are important for applications to the spectral theory of differential 
operators. 
That Gtza Freud left out such cases in order to get a more lucid 
theorem, gave me the opportunity to show (Ganelius [6,7]) that a 
straightforward application of his method gives sharp results of interest in 
the field of differential equations. A simple result in this direction is as 
follows. 
Let z and LX be as in the previous theorem and assume that 
s 
co 
e -tudz(u)=sT(l +a) t-a(l +r(t)), tl0 
0 
with 
Then 
Ir(t)l <co exp( -cth6), O<&<l. 
B(X) = z(x) - sxa = O(xa-J(l+E)), X--,03. 
In the applications of this result it is important that smaller remainders 
are obtained for the Cesaro means of the function, viz. 
s 
; (1 -v/x)“-’ do(v)= O(X~-~~‘(~+‘)), X-+(X. 
(For applications of such results to summability problems for eigenfunction 
expansions cf. Bergendal [4].) 
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Generalizations of the type just mentioned and methods to obtain them 
were given in Freud’s second paper. The pattern is as simple as in t 
example above: 
(f CT(X) = O(x”/log R( l/x)), then J; (1 - v/x)“-’ Ldo(x) = 
R(llx))*). 
In this third paper Freud gave some further extensions and applications. 
The result I find most interesting has the following concise form in the case 
of power series: 
If, with 6 > 0, it holds that 
-%I = A + O(?), 
and 
lim inf -E.E 2 0, 
n-m log n 
then C a, converges and has the sum A. 
This means that under the weaker tauberian condition we still get con- 
vergence. The beauty of the result is reinforced by another counter example 
of Korevaar’s showing that the Tauberian condition a, = O(log n/n) is not 
sufficient for convergence. 
REFERENCES 
1. G. FREUD, Restglied eines Tauberschen Satzes I, Acta Math. Acad. Sci. Hungar 2 (1951), 
299-308; II 3 (1952), 2999307; III 5 (1954) 275-288. 
2. G. FREUD, ‘liber einseitige Approximation durch Polynome I, Acta Sci. Math. Szeged 16 
(1955), 12-28. 
3. 6. FREUD, One-sided &-approximations and their application to theorems of Tauberian 
type, Dokl. Akad. Nauk SSSR 102 (1955), 689-691. [Russian] 
4. G. BERGENDAL, Convergence and summability of eigenfunc?ion expansions connected with 
elliptic differential operators, Medd. Lunds Univ. Mat. Sem. 14 (1959), l-63. 
5. A. BEURLING, “Sur les integrales de Fourier absolument convergents,” C.R. 9ieme congres 
des math. stand., Helsinki, 1938. 
6. T. GANELIUS, On the remainder in a tauberian theorem, Kungl. Fysiograf: Siillsk. Lured 
F&h. 24 (20) (1954), 1-6. 
7. T. GANELIUS, Un thtoreme tauberien pour la transformation de Laplace, CR. Acad. Sci. 
Paris 242 (1956), 719-721. 
8. T. GANELIUS, The remainder in Wiener’s tauberian theorem, Math. Gothoburgensia 1
(1962), 13 p. 
9. T, GANELIUS, Tauberian remainder theorems, in “Lecture Notes in Mathematics”, No, 232 
(Springer), Berlin 1972. 
50 TQRD GANELIUS 
10. G. H. HARDY AND J.E. LITTLEWOOD, Tauberian theorems concerning power series and 
Dirichlet’s series whose terms are positive, Proc. London Math. Sot. 13 (1913), 174-191. 
11. J. KARAMATA, uber die Hardy-Littlewoodschen Umkehrungen des Abelschen 
Stetigkeitssatzes, Math. Z. 32 (1930), 319-320. 
12. J. KOREVAAR, An estimate of the error in tauberian theorems for power series, Duke Math. 
J. 18 (1951), 723-734. 
13. J. KOREVAAR, Best L,-approximation and the remainder in Littlewood’s theorem, Zndag. 
Math. 15 (1953), 281-293. 
14. J. KOREVAAR, A very general form of Littlewood’s theorem, Zndug. Math. 16 (1954), 
3645. 
15. J. KORLVAAR, Another numerical tauberian theorem for power series, Zndug. Math. 16 
(1954), 46-56. 
16. S. LYTTKENS, The remainder in tauberian theorems, Ark. Mat. 2 (1954), 575-588; II Ark. 
Mat. 3 (1956), 315-349. 
17. P. NEVAI, Einseitige Approximation durch Polynome, mit Anwendungen, Acta Math. 
Acad. Sci. Hungar. 23 (1972), 495-506. 
18. H. WIELANDT, Zur Umkehrung der Abelschen Stetigkeitssatzes, Math. Z. 56 (1952), 
206207. 
19. N. WIENER, Tauberian theorems, Ann. of Math. (2) 33 (1932), l-100. 
